Volumes of projection bodies of some
classes of convex bodies

Christos Saroglou
University of Crete
Department of Mathematics

Abstract

Schneider posed the problem of determining the maximal value of the affine invariant
ITLK|/| K|4~1, where ITIK is the projection body of the d-dimensional convex body K. Some
three-dimensional conjectures of Brannen, related to Schneider’s problem are confirmed.
Namely, we determine the maximal value of |IIK|/|K|? in the class of three-dimensional
zonoids, cones and double cones. Equality cases are, also, investigated. Moreover, results
related to a conjecture of Petty, concerning the minimal value of the above quantity
are obtained. In particular, we provide a negative answer to a question of Martini and

Mustafaev.

1. Introduction

Let K be a convex body in R? that contains 0 in its interior. Its sup-
port function is defined by:

hg(z) =mar{ <z,y> |y K }, v €R?,

where < -,- > stands for the usual inner product in R?. Obviously, hg is
convex and positively homogeneous. On the other hand, it is known that
any convex and positively homogeneous function is the support function
of a unique convex set. Moreover, support functions are additive under
Minkowski sums (i.e. vector sums). To be more specific, if L is another
convex body, then hx . = hy + hyr.

One may compute the support function of a line segment [—y, y|, centered
at the origin:

hiyy () =|<z,y>|, z€R?,



Thus, if Z is the Minkowski sum of the line segments [—y;, v:], i = 1, ..., n,

ho@w) = | <>, v R

=1

Translations of such bodies are called zonotopes and the members of the
closure of the set of all zonotopes with respect to the Hausdorff metric are
called zonoids.

The projection body IIK of K is defined by its support function:

1
b () = | | | = 5/ l<ay>|dS(K,y), v €50,
Sd—1
where |-| = |-|4 denotes the volume functional in R¢, K | 2+ is the orthogonal

projection of K onto the subspace z* orthogonal to x and dS(K,-) is the
surface area measure of K on the unit sphere S%1.

Clearly, the projection body of a convex body is always a zonoid. The
opposite is also true; any zonoid is the projection body of a convex body. In
fact, the operator II is a continuous bijection between the class of centrally
symmetric convex bodies and the class of zonoids. We refer to [6] or [20] for
proofs, extensions and topics related to the mentioned properties, concerning
support functions and projection bodies.

One of the outstanding problems in convex geometry is the determination
of the extremal values of the affine invariant [TIK|/| K| (a proof of the fact
that this functional is indeed affine invariant can be found in [14]). Many
variants of this problem are solved. For example, Petty [15] showed that the
quantity |(ILK)*|-| K |¢~! is maximal if and only if K is an ellipsoid and Zhang
[23] proved that it attains its minimal value if and only if K is a simplex.
Here, (IIK)* = {y| < z,y > <1, x € IIK} is the polar body of IIK. Other
types of modifications have been considered by Lutwak (see e.g. [8], [9]).
Unfortunately, very little progress has taken place towards the direction of
the initial problem.

Petty’s conjecture [15] states that the ratio |ILK|/|K|?"! is minimal if and
only if K is an ellipsoid (see [7] for applications). Schneider [19] conjectured
that in the class of centrally symmetric convex bodies

K]
K=

with equality if and only if K is the affine image of cartesian products of
line segments or centrally symmetric planar convex figures (the class of these
bodies is identical to the class of symmetric cylinders in the three-dimensional



case).

Both Petty’s and Schneider’s conjectures make sense only if d > 3. In fact,

if K is a planar convex body, it is well known that:
K]
< —Z

T v
with equality in the left if and only if K is centrally symmetric and in the
right if and only if K is a triangle. These facts follow immediately from (5),
(7) below and the two-dimensional Rogers-Shephard inequality [18], respec-
tively.

Counterexamples to Schneider’s conjecture were given by Brannen [2]. The
same author [2] [3] conjectured that it would be true if we restricted ourselves
in the class of zonoids. We prove this fact in three dimensions. We hope that
the method described below can be modified to work in any dimension.

Theorem 1. If Z is a three-dimensional zonoid, then
nz| < 2%z . (2)

Equality holds if and only if Z can be written as the Minkowski sum of five
line segments or as the sum of a cylinder and a line segment.

Using an inequality for the volume of polar projection bodies due to Reis-
ner [16] [17], Theorem 1 shows that for all 3-dimensional zonoids Z we have

. 4
M2y 12F = 5

with equality if and only if Z is a parallelepiped. We note here that the prob-
lem of finding the minimum of the quantity |(ILK)*|-|K |~ among centrally
symmetric convex bodies still remains open. Makai and Martini [11] conjec-
tured that this minimum is attained if and only if K is a parallelepiped.

The proof of (2) and of the characterization of equality cases will be given
in Sections 3 and 4 respectively.

We also deal with two other three-dimensional classes of convex bodies.
To be more specific, we determine the extremal values of [IIK|/|K|? in the
special case, in which K is a cone or a centrally symmetric double cone.

Theorem 2. Let K = conv(P U {e3}) be a three-dimensional cone, where
P is a convex body in R? x {0} of area 1 and e3 = (0,0, 1). Then,

1 1
[IK| ==+ -|IIP] .
TK| = 5 +4[11P)
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Corollary 1. Let K be a cone in R3?. Then,

Equality holds in the right if and only if K is a simplex and in the left if and
only if K has centrally symmetric basis.

Corollary 1 follows immediately from (1) and Theorem 2.

Corollary 2. Let K be a centrally symmetric double cone in R3. Then,
[IK] _
K[>

Corollaries 1 and 2 are also conjectures of Brannen [3]. Theorem 2 and
Corollary 2 will be treated in Section 5. We mention that Brannen conjec-
tured that [IIK|/|K|? is maximal in the class of centrally symmetric convex
bodies if and only if K is a centrally symmetric double cone and in the class
of general convex bodies if and only if K is a simplex.

The Steiner symmetrization St, K of a d-dimensional convex body K along
the direction v € S%! is defined to be the unique convex body with the prop-
erty that for any line [ parallel to v, the line segment [ N St, K is symmetric
with respect to the hyperplane v+ and also |l N St, K|, = |l N K|;. Martini
and Mustafaev [10] asked if the inequality

[TI(St, K)| < [ITK]| (3)

holds for every direction v € S™ 1. It is well known that the volume of K
remains unchanged under Steiner symmetrization and, furthermore, K can
always be transformed to a ball after applying an appropriate sequence of
Steiner symmetrizations. Thus, it is clear that Petty’s conjectured inequality
would follow from (3). We prove, however, that (3) is not true in general.
This will be an easy application of Corollary 2.

Theorem 3. For any d > 3, there exists a convex body K and a direc-
tion v € %!, such that
ITI(St, K)| > |IIK]| .

Proof. We will make use of the following easy fact: If K is a convex body of
volume 1 in R, then

(K x [~1/2,1/2])q = 2 - [TIK]os . (4)
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Note that if K is a convex body contained in the subspace orthogonal to some
direction v and [ is a line segment parallel to v, then for any unit vector w
in v*, we have

Sto(K + 1) = (StyK) +1 .

Using this fact, (4) and an inductive argument, we conclude that we only
have to construct a three-dimensional counterexample for (3).

Let C be a centered three dimensional cube of volume 1. Choose some
vertex v of C' and set v to be the direction parallel to [—v, v]. Then, one may
check that the Steiner symmetrization of C' along the direction v is a centrally
symmetric double cone built on a regular hexagon, which is contained in the
plane v*. Then, by Corollary 2 we have:

IIC| = 8 < 9 = [TI(St,C)| . D

Some further results on Petty’s conjecture, involving centroid bodies and
mean values of volumes of projection bodies, are included in Section 6.

2. Some basic formulas

by (see [22] for proof and extensions):

Let Z = Y7 [~ 2;] be a zonotope in R%. The volume of Z is given

2d
Zzl=2" Y ldet(wy,m)l = D0 |det(z,m,) [ (5)

{il,...,id}g[n} il,...,ide[n]

where [n] := {1, ...,n}.
Thus, if Fi, ..., F, are the facets of a polytope K in R? with corresponding
outer normal unit vectors xy, ..., x,,, by the definition of IIK and (5), we have:

UK=Y [FallByl | det(z, .2,) | (6)

{i1,...,iq}C[n]

Suppose, now, that K = Z = Y " | [—x;,z;]. If we, in addition, assume
that any d vectors from x4, ..., z,, are linearly independent, it can be proven
that its facets are exactly (up to translation) the (d — 1)-dimensional par-
allelepipeds of the form Y% ![—x;,,2;], where 1 < j; < ... < jg1 < n.
In other words, the outer unit normals to the facets of Z, multiplied by
the (d — 1)-dimensional volume of the corresponding facet, are exactly the
vectors:

27 A AT, 1< <. <igq <n,



where 1 A ... A x4_1 stands for the vector product of 1, ..., x4 1.
Applying formula (6), we immediately obtain:
1Z| =

24
Z | det(zjy NoooANTiy oy ooy 4

((d— 1)|)dd| /\.../\.Tid(dil)) | .

(7)
It is obvious that this identity holds even if we do not assume the z;’s to be
in general position.

(d—1)(d—1)+1
1,0058q(a—1) €[]

3. Proof of the main inequality

Define the functions S, 7 : (R*)® — R, by:
S(x1, ..., ) = Z | det(z;,, Ty, xiy) - det(x,, i, i) |

i1, igE[6]
zjyézk for j#k
T(xy,...,x6) = Z | det(xiy N xiy ) Tig Ny Tig ANTig) | -

i15eey ig€[6]
zjyézk for j#k

Clearly, S and T are convex and positively homogeneous on each one of
their variables. Also, it is easy to see that S(zy,...,26) = 0 if and only if
T(zy,...,x6) = 0. We will use the convexity property in the following form:

Lemma 3.1. Let f,g be real functions defined on an open interval (a,b)
of the real line. Suppose, also, that ¢ is strictly positive in (a, b), f is convex
and g is affine. Then, the ratio f/g admits a maximum value in (a, b) if and
only if f is a constant multiple of g.

Let us now rewrite (5) and (7) involving T and S. If Z = """ | [—x;, 2] is
a zonotope in R?, we first note that we may assume that n > 6 (by taking
some of the x;’s equal to each other, if necessary ). We have:

9
I1Z| = 232—3' Z | det(xiy N\ Ty, Tig A Tiy , Tig A Tig) |
i1,...,06E€[N]
26
- 5( Z T("L"ilaxilax’igaxigaxi;gaxi;g)
i1,i2,i3€[n]

ij#"k for j#k

+ E T(xil,$il,$i2,$i2,xi3,xi4)+ E T("L"ilaxilax’igaxigaxi47xi5)

i1,92,13,i4 €[n] 11,12,13,14,15 €[n]
ij#"k for j#k ij#ik for j#k



+ Z T(xi17xi27xi37xi47xi57xi6)) : <8>

'Ljyézk for j#k

Similarly,
s (22
‘Z‘ B (§> Z ‘ det(xil’xiQ’xi?)) ’ det('riuximxiﬁ) |
' i1,...,i6€[n]
26
- (3')2< Z S(xil’xil’xiQ"riwximxiS)

i1,i2,i3€[n]
ij #ip, for j#£k

+ E S(l‘ilaxilaxigaxigaxi3axi4)+ § S(l‘ilaxilaxigaxi3axi4axi5)

i1,i9,i3,i4€[n] i1,i9,13,i4,i5€[n]
ij#"k for j#k ij#ik for j#k

+ Z S(Jf“ y Ligy Ligs Liys Lig, xiﬁ)) : <9>

'LJ#'Lk for j#k

Observing (8) and (9), we conclude that the proof of (2) reduces to the proof
of the following inequality:

T({L'l,...,ZL‘G) < S(IL‘l,...,ZL‘G) , L1y ..., T € Rd . (10)

Q| W~

To establish (10), some lemmas from three-dimensional affine geometry are
required.

Lemma 3.2. Let 21, ..., 26 be vectors in R3, where x4, x5, x4 are linearly
dependent. The following formulas are true:

1) (21 Axo) A (22 A 23) = det(xy, x9, x3) - T2 .

i) det(xy ANxy, w3 Nwy, x5 Nxg) = det(xy, o, xy) - det(xs, x5, )

Assertion (i) is a well known property of the vector product in R?. To
prove (ii), we may assume that there exist numbers Ay, Ag such that x5 =
Ay + A¢xg. Then, by (i) we have:

det(xi Nxo, T3 Ny, T5A\NTg) = A\ < a1 AZo, (x3Ax4) N (T4 Axg) >

= M\y-det(xy, 9, x4) det(x3, x4, 26) = det(xq, 29, x4) det(xs, \yxs+ NoTg, To)

= det(xy,x9,x4) - det(z3, x5,26) . O



Lemma 3.3. Let 21, ..., 24 be vectors in R3. If two of them are parallel, then
4
T(l‘l, ...7.’176) = gS(SITl, couy SUG) .

Proof. Obviously, we may assume that all z1, ..., z¢ are unit vectors. Also,
by symmetry, one can take x5 = x4. It follows by the previous lemma that

| det(xs A\ xiy, 5 ATy, Tiy ANxyy) | = | det(xs, x4y, x4, - det(xs, Ty, x4y |

- ‘ d€t<x5 /\xi37 .T5 /\xi47 xil /\xw) | Y

where {iy, iz, 3,14} = {1,2,3,4}. Thus,

T (w1, ..., x6) = 2-2° - 3 Z | det(zs AN wiy, x5 N\ iy, Tig A Tiy) |

i1 <ig, 13<igq
{i1,i2,13,i4}={1,2,3,4}

=2.2%.3 Z | det(xs, x;,, xi,) - det(xs, Ty, 4,) |

i1 <ig, i13<ig
{i1,92,i3,i4}={1,2,3,4}

2.23.3!
- T Z | det<x57 xil"riQ) : det<x57 xi37 xi4) |
{i1,i2,i3,34 }={1,2,3,4}
2.93. 3l 4
= ms<x17'“7x6) = gS(;Ul,...,x@ . O

Let Z be a zonotope in R?, which is the sum of five line segments. As
mentioned above, one can write Z = E?Zl[—xi, ], for some zy, ..., g in R?
with x5 = 2. The previous lemma combined with (8) and (9) ensures that
1Z| = 8| Z|2.

Suppose, now, that zi,...,z, are vectors in R?®. We set for simplicity
E(xy,...,x5) to be the set of all planes through 0, spanned be pairs of vectors
from zq, ..., x,.

Lemma 3.4. Let z1,...,24 be vectors that span R3, such that any two of
them are not parallel. Assume that for every ¢ = 1, ..., 6, there exist two dif-
ferent planes Ey, Es from &(z1,...,x;_1, i1, ..., Tg), that contain z;. Then,
after a possible rearrangement of indices, the sets of coplanar vectors from
x1,..., e are exactly the following:

{x17x27x3} ) {'r27x47x5} ) {x17x57x6} ) {x37x47x6} .



Proof. Clearly, any five vectors from x1, ..., 24 cannot lie in the same plane.
We assume, without loss of generality that =, xs, x3 are linearly dependent.
Since there exists a plane E in £(xq,xs, ..., 2¢) that contains xz,, different
than the one spanned by 1, z3, we may assume that xo, x4, x5 are linearly
dependent, while each one of x4, x5 is not coplanar with x1, x3.

Similarly, either x; is linearly dependent with x5, x¢ or it is linearly de-
pendent with x4, 6. We may assume that the first case occurs. Now, x4
cannot be contained in any of the planes spanned by x4, z5 and z1, x5 (in the
opposite case, five vectors from the z;’s would be coplanar). This forces x3
to be coplanar with x4, z¢.

We have shown that these sets are indeed linearly dependent. If there ex-
isted another subset of {x1, ..., x¢} with this property, five vectors from the
x;’s would be coplanar, which is impossible. O

The key to the proof of (10) will be the next lemma.

Lemma 3.5. Let zq,...,x¢ be vectors, for which the conclusion of Lemma

3.4 holds. Then A
T(ZL’l, ...,I‘G) < gS(ZL‘l,...,ZEG) .

Proof. Consider the following subsets of the set U of summands in T'(x, ..., zg):

Uij = {| det(azz/\x] y .ﬁl]il/\l’iQ y $i3Axi4> | # 0 {’il,’iQ,ig,i4} = {1, ,6}\{2,]}},

i,j = 1, ...,6, 7 # j It is clear, that the sets U12, U23, U13, U24, U25, U45, U26
cover U. It follows from Lemma 3.2 that the elements of U5 are exactly the
terms of the form:

| det(l‘l,l'g,l‘il) . det(xh,xm,xu) | 7é 0 s {il,’ig,’ig,i4} = {3,4,5,6} .

Similar expressions can be derived for the elements of U3 and U;3. Hence,
since | det(xy, x2, x3) | = 0 and Uyg, Usg, Uss are disjoint the sum of all terms
that belong to Vi := Uy U Usg U Uss, is a constant multiple of S(x, ..., zg).
One may easily compute this constant to be 2/3.

Similarly, the sum of all terms contained in V5 := Usy U Uss U Uy also
equals 2/3 - S(xy, ..., xg).

Clearly, terms of the form (each one counted 23 - 3!-times)
| det(zg N x5, 1 ANxg , xo Aa3) |, | det(za Nxs , 1 Axy , a3 A T6) |,
| det(xo N x5 , xy AN x3, x4 A xg) | belong both to V; and V5. Thus, if A is
the sum of terms from V; U V5, we have:

4
A< gS(azl,...,%) - 23~3![\ det(xy Nxs , 1 NTg , T2 AT3) |

9



+| det(zg N5, x1 ANxe, w3 ANwg) |+ | det(zg Axs , 1 Axs, x4 A T6) \]
4
= gS(:cl, oy wg) — 2% 31| det(xy, x5, 23) - det(x1, To, Tg) |

+| det(xy, x5, 21) - det(xq, x5, 76) | + | det(xq, x5, 25) - det(xq, x4, T6) |} :

where we used once again Lemma 3.2.
Next, we observe that xy, x5, xg are coplanar, so by Lemma 3.2 we have:

| det(xg N g , x1 ANxs, 3 Awy) | = | det(xq, 9, x5) - det(xs, x4, 26) | =0 .
Consequently,

Uy \ (V1 UVa) = {| det(xg Nz , ©1 ANy, T3 N\ T5) |}
and since | det(x4, x5, 3) - det(xy, x2,26) | > 0, we conclude:

4
T(xy,...,26) < gS(azl, oy xg) + 2% 3![\ det(xog Nxg , ©1 Ny, T3 AT5) |

—| det(xy, x5, 1) - det(xo, x3,x6) | — | det(zy, x3, 75) - det(xs, x4, T4) |] :

Finally, by assumption, there exist numbers A4, Ag such that z3 = \yx4 +
X¢xg. Using the fact that xq, x5, x¢ are coplanar, we have:

| det(xa Nwg , x1 Ny, x3 Nws) | < | Ay -det(xa ANzg , 1 ATy, T4 N T5) |

+| )\6 'det(l‘z /\l‘@ , L1 A s ZL‘G/\I‘5) |

= | Ay - det(zq, x5, 1) - det(zq, T2, x6)| + | N6 - det(xy, x5, x6) - det(xy, T2, x6)|

= | det(xs, x5, 1) - det(xy, T2, x6) | + | det(xy, x5, 21) - det(xg, x5, 76) | |
completing the proof. O
Proof of (10):

If the assumptions of Lemma 3.3 or Lemma 3.4 are true or S(xy, ..., z) = 0,
the assertion is obvious. In any other case, there exists some ¢ in {1,...,6},
such that x; belongs to at most one plane from £ (1, ...x; 1, Tit1, ..., Tg). It

is easy, then, to see that there exist real numbers t; < 0 < t5 and a vector v
such that: For all £ € E(xy,...w;_1, Ti11, ..., Tg), We have:

v €E & x+tveE, forall te(t,t)

10



and also
#g(l‘l, W Li1, T +tjl/, Tig1, ...,ZL‘G) < #5(1‘1, ...,ZL‘G) , 3 =12 (1].)

We note here that this fact will be also used in the next section.
Consequently, the function

[tl,tz] St S(l‘l, i1, Ty IV, T, ...,ZL‘G)

is affine. Thus, by the convexity of T'(zy,...x;_1, z; + tv, x;11, ..., xg) and by
Lemma 3.1, we conclude that

T
—(.Tl, couy SUG) S

S

W~

<x17 ey Lij—1, Xy + th, Tit1, ---uxﬁ) )

for j = 1 or 2 (clearly, S(x1, ..., z;+t;v, ..., 16) cannot be zero for both j = 1,2;
in the opposite case, S(x1, ..., xg) would be zero).

We may repeat this procedure as many times as needed. Nevertheless, as
(11) shows, after only a finite number of steps we will have found vectors
21, ..., 2 for which the conditions of Lemma 3.3 or Lemma 3.4 are true and

also (T'/S)(x1,...,x¢) < (T/S)(z1, ..., 26). O
4. Characterization of extremal zonoids

Lemma 4.1. Let 21, ..., 26 be vectors in R?. If four of them are coplanar,

then A
T(ZL‘l, ...,l‘@) = gS(ZL‘l, ...,ZL‘G) .

Proof. Suppose e.g. that zy,xq,x3, 24 are coplanar. If (iy,is,143,44) is a
permutation on {1, 2, 3,4}, it is clear that

| det(xi Nxyy , Tis ATy i ATy) | = 0 = | det(xyy, Ty, Ty ) -det(T,, Tig, Tig) | -
Also, by Lemma 3.2, it follows that
| det(xiy Ny , @iy N5, xy Nwg) | = | det(zy,, T4y, x5) - det(xiy, x4y, T6) |

= | det(x;, Nxiy , Tiy N5, Tiy NTg) | -

Hence,

T(wy, ..., x6) = 2° - 3 Z | det(ziy, AN @iy , ig N5, Tiy A T6) |

(i1,i9,i3,i4)ESy
i1 <ig

11



4
=2.2%.3 Z | det(z;,, Ty, x5) - det(xiy, x4y, T6) | = §S(x1, ey T6)

(i1,99,i3,i4) €Sy
11 <i9,13<ig

where Sy is the set of permutations on {1,2,3,4}. O

Suppose, now, that Z is the sum of at least six line segments [—x;, 2],
i =1,...,n (as mentioned above, this is no loss of generality). If Z is the sum
of a cylinder and a line segment, then for any six vectors from z, ..., x,, at
least two are collinear or at least four are coplanar. The previous Lemma,
Lemma 3.3, (8) and (9) show that |[[1Z| = 23|Z|°. Since the same is true
when Z is the sum of five line segments, we only have to prove the ”only if”
part in Theorem 1.

It is now clear that the problem of characterization of zonoids, for which
equality in (2) is attained, reduces to the determination of the 6-tuples
(21, ..., x6) such that T'(xy,...,x6) = (4/3) - S(x1,...,x6). If the conditions of
Lemma 3.3 or Lemma 4.1 hold, the last equality is true. In what follows, we
will show that these are the only possible equality cases.

To accomplish this, we need a series of geometric lemmas. The proof of
the following is obvious.

Lemma 4.2. Let E be a plane in R?, that does not contain 0 and i, ..., y5
be points in F, with y4 # y5. Suppose, also, that y3 lies in the line segment
[y1, y2] and y; is not collinear with yy, yo, @ = 4, 5. If z; is the position vector of
v, i = 1,..., 5, then there exists a vector v in R3 and real numbers t; < 0 < to,
such that x3 +t;v is parallel to z;, i = 1,2 and det(x3 + tv, x4, x5) # 0 for all
tin (t1,ts), if and only if y3 is an interior point of [y;, y2], while at the same
time the line af f{y4, ys} and the interior of the segment [y;, y5] are disjoint.

In order to make use of the previous lemma, we observe that the ratio
T/S(x1,...,x¢) is independent of the length and the orientation of the z;’s.
Thus, we may assume that the endpoints of x1, ..., zg all lie in the same plane
in R3, not containing the origin.

Let A = {x1,...,76} be a set of six vectors in R®. We say that A has
the (N)-property, if no two of z1, ..., zs are parallel and no four of them are
coplanar.

Lemma 4.3. Let {,...,26} be a set of vectors in R? having the (N)-
property, where z; is the position vector of some point y;, + = 1,...,6. We
assume the following:

i) y1, ..., ys are coplanar and yg is an interior point of the segment [y, yo].
ii) For every 4, j, ¢ # j, in {3,4,5} the line spanned by the points y;, y;, and

12



the interior of [y, ys] are disjoint.
iii) There exists some permutation (ki, ko, k3) of {3,4,5} and some interior

point y of [y1, 42|, such that the lines af f{yr, yx, }. af f{y2, Yo}, af f{y: yes}
are either parallel or they have a common point, which is different from

Y3, Ya,Ys-
Then,

4
T(.ﬁl}l, ...,.T6) < gS(SL’l,...,ZlIG) .

Proof. Let us assume that T'(z1, ..., x6) = (4/3) - S(21, ..., z6). According to
the previous lemma, there exist numbers ¢; < 0 < t5 and a vector v, such
that x¢+t;v is parallel to x;, i = 1,2, and the quantity S(x1, ..., x5, v¢+1tv) is
affine (and positive) in [t1, {5}, as a function of t. This, combined with (10),
Lemma 3.1 and the fact that T'(z, ..., x5,z + tr) is convex on t in [ty, to],
shows immediately that the function

T
[tl,tg] S5t g(l‘l, vy T, Tg + tl/)

is constant. In particular, T'(xq, ..., x5, 26 + tv) must be affine in [t, t5].

Since it is clear that there does not exist a j € {3,4,5} such that y; is
collinear with vy, y» (in the opposite case, x1, z2, 26, z; would be coplanar),
the point y of assumption (iii) is unique. In other words, for some permuta-
tion (ky, ko, k3) of {3,4,5}, the lines &1 := af f{y1, yr, }, €2 .= af f{ve2, Y, },
af f{y,yr,} are parallel or have a common point, while for each y" in the
interior of [y;, ys|, different from vy, the lines €1, 9, af f{y, yx, } neither are
parallel nor contain a common point.

Consequently, for t; < t < to, the intersection of the planes span{zy, zy, },
span{xq, Ty, }, span{xe+tv, xx, } is non-trivial if and only if x¢+tv is parallel
to the position vector of y. This shows that the quantity

| det(xy ANxg, , Ta ATk, , (T6 +1tv) A xyy) |

is zero for a unique interior point t of [ty ts).
It follows that the function T'(zy, ..., x5, 26 + tr) cannot be affine in [¢1, t5],
proving our claim. O

Lemma 4.4. Let y,...,y5; be points lying in the same plane, such that
Y1, Y3, Y4 are collinear, o, y3, ys are collinear and there are no other sets of
three collinear points among them. Exactly one of the following are true:

1) af f{ya, ys} Nintlyr, yo] # 0 .

ii) The assumption (iii) in Lemma 4.3 holds true.

Proof. Up to a possible rearrangement of indices, there exist exactly the
following cases:

13



iia) /

iib) iic)

iid) iie)
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Lemma 4.5. Let {yi, ..., y5} be discrete points, lying in the same plane, such
that:

i) y5 is an interior point of the line segment [ys, y4].

ii) Each one of the segments [y, ys], [y3,y4] is contained in one of the two
open half-planes defined by the other one.

Then, for some choice of ki, ko, there exists an interior point y of [y1, y2|, such

that the lines af £y, ys}, af F{y, s} af F{y2, yre} have a common point,
where {ki, ko} = {3,4}.

Proof. The vertices of the polygon P = conv{yi,ys, y3,ys} are exactly the
points y1, Y2, y3,ys. Therefore, the line defined by y; and the intersection
point of the diagonals of P, crosses [y, y»] at one of its interior points. O

Lemma 4.6. Suppose that the set {z1,...,z¢} satisfies the (N)-property.
Assume, furthermore, that there is no plane in £(xy, ..., z5), that contains x.
Then, there exist a vector v and real numbers t; < 0 < t5 with the following
properties:

i) There exists a plane E; from £(xq, ..., x5) that contains zg + t;v, i = 1, 2.

ii) For all ¢ in (1, t2), there is no plane from &E(z, ..., z5), that contains zg+tv.
iii) The set {x1, ..., x5, x6 + t;v} satisfies the (N)-property, for i = 1 or 2.

Proof. If there exists at most one 3-tuple of coplanar vectors from x4, ..., zg,
our claim follows easily. If there exist at least two such 3-tuples, let G be the
open convex angle defined by the corresponding planes, so that G contains
xg. Clearly, there exists some plane E. that contains exactly two vectors
from xq,...,x5 but not zg, the intersection of £ with G is not empty and
for some point x in E the interior of the segment [z, x¢] and any plane from
E(xy, ..., x5) are disjoint. The result follows. O

The proof of the following fact is easy and will be omitted.

Lemma 4.7. Suppose that the set {xy,...,26} has the (N)-property and
for every ¢« = 1,..,6, there exists a plane E; from E(xy, ..., 1, %1, ..., Tg)
that contains x;. Up to a possible rearrangement of indices, one of the fol-
lowing is true:

i) @1, T9, w3 are coplanar and x4, z5, r¢ are coplanar.

ii) x1, w9, x3 are coplanar, xs3, x4, r5 are coplanar and z7, x5, r¢ are coplanar.

Now we are ready to prove the key fact mentioned at the beginning of this
section.
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Lemma 4.8. The set {1, ..., x4} satisfies the (N)-property, if and only if
4
T(.ﬁl}l, ...,.T6) < gS(SL’l, e ZL’G) .

Proof. It suffices to prove the "only if” part. Suppose that the set {z1, ..., z¢}
satisfies the (N)-property. If the assumptions of Lemma 3.4 are true, the as-
sertion is true by Lemma 3.5.

Case I: Assume that the following are true:

a) For every i = 1, ..., 6, there exists some plane F; from &(xy, ..., 1, Tit1, ...,
x¢) that contains z;.

b) There exists an i, i = 1,...,6, a vector v and real numbers t; < 0 < to,
so that for all k,1 = 1,...,6 and for all ¢ in (t1,ts), det(z; + tv,zx, ;) = 0,
if and only if det(x;, zx, ;) = 0 and, furthermore, the sets {x1,...,z;_1,z; +
t;V, Tit1, ..., Tg} do not satisfy the (N)-property, j =1, 2.

By assumption (a) and Lemma 4.7, there are two possibilities (rearranging
the indices, if necessary):

i) x1, w9, x3 are contained in some plane E; and x4, x5, x¢ are contained in
some other plane E,. Since the (N)-property holds, replacing z; with —x;
if necessary, we may assume that x, xs, r3 are contained in the same open
half-space of Ey and x4, x5, x¢ are contained in the same open half-space of
E7. One can check that we can, simultaneously, take x; to be the position
vector of some point y;, 1 = 1, ...,6, where yq, ..., yg are coplanar. Then, it is
clear that five of the points y, ..., yg satisfy the assumptions of Lemma 4.5,
thus by Lemma 4.3 we obtain T'(z1, ..., x¢) < (4/3) - S(z1, ..., Tg).

i) {x1, 9, 23}, {x2, x4, x5}, {21,275, 26} are sets of linearly dependent vec-
tors. Then, we may assume that there exists some vector v and real numbers
t1 < 0 < ty, so that for all ¢ in (¢1,%,), we have det(x3 + tv, xy, ;) # 0 if and
only if det(zs, zx, ;) # 0, while the sets {x1, z2, x5 +t;v, 24, x5, 26}, j = 1,2,
do not satisfy the (N)-property. If for j = 1 or 2, four of the vectors x;, xo,
x3+1t;v, T4, Ts5, x5 Were coplanar, then x4, x5, x5 would also be coplanar and
1, ..., g would not span R®. This forces 3 +1,v to be parallel to z;, j = 1,2,
As before, we may assume that the x;’s are the position vectors of some copla-
nar points 1, ..., yg respectively. It is clear that we can apply Lemma 4.4 for
the points y1, Yo, Y4, U5, Ys. 1f (1) of Lemma 4.4 is satisfied, then Lemma 4.2
contradicts to our assumption in the present Lemma. Therefore, the asser-
tion (ii) of Lemma 4.4 holds, hence T'(xy, ..., x6) < (4/3) - S(x1, ..., 7).

By Lemma 4.6, the only remaining case is the following:

Case II: There exist an index i from {1,...,6}, a vector v and an interval
[t1,to] that contains 0 in its interior, which is maximal under the assumption
that the following are true:

a) For all ¢ in (¢1,t3) and for all k,1 = 1,...,6, k,l # i, x; + tv, xy, x; are
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coplanar, if and only if x;, x;, x; are coplanar.
b) The set {x1,...,xi_1,2; + t;V, Tit1, ..., x6} satisfies the (N)-property, for
j=1or?2.

Let us assume that equality holds in (10). By assumption (a), it follows
that the function

[tl, tg] S5t — S(.Tl, i1, Ty TV, Ty, ---7376) ,

is affine, thus Lemma 3.1, combined with (10), implies that
T 4

—(l‘l, i1, T+ tl/, Lit1y ey l‘ﬁ) = -

. te [t ts] .
S 3 b1, 2]

Hence, by assumption, it is clear that there exists a set of vectors {z1, ..., 25}
with the (N)-property, such that T'(z1, .., z) = (4/3)-S(21, ..., 26) and #E(z1, .
o 26) < #E(xq,...,x6). Clearly, after a finite number of repetitions of the
same procedure, we will have constructed a set of six vectors with the (N)-
property, that satisfies the assumptions of Lemma 3.4 or falls into Case I.
This is impossible and the conclusion follows. a

The proof of the remaining part of Theorem 1 follows easily from Lemma
4.8. Indeed, let Z be a zonotope in R? with support function

hz(x)=/92|<x,y>\du(y),

where p(-) = > | @;0,,(-) and 0,,(+) is the Dirac measure in x;, for some
unit vectors z; and some positive numbers «; (n > 6). By Lemma 3.3, (8)
and (9), we have

26 ~1 4
6!(§> [23|Z|2—|HZ|]:6! 3 ail...aie[55(%,...,xie)—T(xil,...,xiG)

4
= Z (O7PRTH e |:§S(l‘il,...,l‘i6) —T(l‘il,...,ZL‘iG)] .
U196 E€[N]

or

26\ ~1
6!(5) [23\2\2— |HZ\] z/ S/ o, Pl 36) dpu(n)...dpu(z)
. x1E reE

where we set ¢ := (4/3) - S — T. By approximation, the last identity holds
for any measure on S?, thus for every three-dimensional zonoid.
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Now, if Z is not the sum of five line segments or the sum of a cylinder and
a line segment, there clearly exists a set of vectors {yi, ..., ys}, contained in
the support of p, that satisfies the (N)-property. By the continuity of ¢ and
the fact that ©(y1, ..., ys) > 0, we have

/ / (@1, ) dplay).da(e) > 0,
$1652 1‘6652

which completes the proof. O
5. Cones and double cones

Suppose that K = conv(P U {e3}) is a cone in R3, where P is a con-
vex body in R? x {0}. For our purpose, we may assume that P is a polygon
that contains the origin. Let Ay, ..., A, be the edges of P. Set, also, h; to
be the outer normal vector to A;, of length equal to the distance of A; from
the origin and take vectors a;, parallel to A;, which have length equal to the
length of A;, 2 =1,...,n. We may choose the orientations of the a;’s, so that
det(a;, h;) >0,i=1,...n

Now the facets of K are exactly the sets

P, F;:=conv(A;U{es}), i=1,...,n.

Let x; be the outer unit normals to F}, i = 1, ...,n. Then, since —e3 is the
outer unit normal vector to P, by (6), we have:

UK=Y |Ful - [Fol - |l -] det(ai, 2, 22,) |
{i1,i2,i3}C[n]
+ Z |P| ’ |E1| ) |FZ2| ’ | det(l‘imxiz?e?’) | (12)
{i1,i2}C[n]

A crucial observation for what follows is the fact that all terms of the form
|3y |- | Fol - | Fisl - | det(w,, @,, 24,) | are non-zero. One can easily see this by
taking a suitable affine transformation that maps Fj,, F;, to facets that are
parallel to the vector e3. Then, for any i3 different than 7, is, the image of
F;, through this transformation is necessarily not parallel to es.

Clearly, the vector h; — ez is parallel to the facet F;. Thus, the vector
a; N\ (h; — e3) is orthogonal to Fj, hence a multiple of z;. Moreover, since
h; — e3 is orthogonal to aj;,

|(1,Z‘ A\ (hz — 63)| = |al| . |hz — 63| = 2|E| s 7= ]_,...,’I’L .
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Consequently, we have shown that

1

We may now use (13), Lemma 3.2 (i) and the fact that the vectors a; A hy,
as N hy are parallel, to deal with every term of (12) separately:

1
|P||F1||F2|| det(l‘l,l'g,eg) | = |P|Z| det((ll/\(hl—63),a2/\(h2—63),63) |

1 1
= Z|P‘ . | det(a1 N €3, g N 63,63) | = Z‘P| . ‘ detgxg(al,ag) ‘ .
Thus,

1
Z |P‘|FZ “Fl2|| det<xi17xi27e3> |:Z|P‘ Z ‘ det(ailvaiQ) |

{i1,i2}C[n] {i1,i2}C[n]

1
= ZIP|- 1P| . (14)

Moreover,
’ det<a1 N (hl - 63), as N\ (hg - 63), as N (hg - 63)) ’

= ’ det(—a1 N €3, —A2 VAN €3, as VAN h3) + det(—a1 N €3, a9y N hQ, —az N\ 63)

+det(a; A\ hy, —as N es, —ag A e3) ‘
=| <(—a1Ne3z)A(esNaz),azNhg >+ < (—ai ANes) A(es A—(as)), as Ahy >
+ <a; ANhy, (—as ANes) A(es Aas) > |
= | det(—ay, e3,a2) - det(es, as, hs) + det(—ay, e3, —as) - det(es, as, ha)
+det(—as, €3, a3) - det(ay, hy,e3) |
= | detoya(ay, az) - detays(as, hs) + detays(as, ar) - detoys(as, ha)

+detoya(ag, ag) - detaxo(ar, hy) | .

Since | conv({0} U A;) | = det(a;, h;)/2, it follows that

1
|Fy| - |Fy| - | F3| - |det(xy, 29, 23)] = 1 det(as, as) - | conv({0} U Ay) |
+det(as, ay) - | conv({0} U Ag) | 4 det(ay,as) - | conv({0} U As) | | . (15)

19



If we assume, in addition, that A;, A, are adjacent edges, then
| conv({0} U A1 U Ay) | = | conv({0} U Ay) |+ | conv({0} U Asg) | .
In this case,
det(as,ar) - | conv({0} U Ay) | + det(az, az) - | conv({0} U Ay) |

= det(as, ay)-| conv({0}UA;UAs) |[+det(ay+az, az)-| conv({0}UA;) | . (16)

Set R(K) := |IIK| —(1/4) - |P| - |ILP|. To prove Theorem 2, it suffices to
prove that R(K') depends only on the area of P and that equality in Theorem
2 holds for some P.

Let vy, ..., v, be the vertices of P. Suppose that P is not a triangle. We
may assume that the line segments [vy,v5], [v9,v3] are the edges Aj, A,
respectively and that 0 is not contained in the triangle conv(A; U Ay). The
fact that det(a;, h;) > 0 easily implies that the vector a; +as and the segment
[v1, v3] have equal lengths and parallel directions.

We employ here a method often used by Campi, Colesanti and Gronchi
(see e.g. [4] or [5]). Consider the family of polygons

P, = conv{vy, vg + tr,vs, ..., 0.}, tE [t ta]

where v is any vector parallel to a; + as and [t1, t5] is the largest interval, in
which vy, v3 are vertices of P, for all ¢ in (¢1,t5). Clearly, (¢1,t2) contains 0,
Py, = P and, furthermore, the volume of P, is constant in [tq,%5]. Also, P
contains 0 in its interior for all ¢ in [ty t5].

If Ay, 4, Ay 4, As, ..., A, are the edges of P, the corresponding parallel vec-
tors are a1, = a; £tv, as + = ag F tv, as,...,a,. Substituting v by —v if
necessary, we may assume that ai, ¢ = ay —tv and as, ¢ = az +tv.

By (12), (14), (15), (16) we have:

Rconv({eshUR)) = >0 |B| - Bl - [Ful - [det(wi, 2y ,)]

{i17i27i3}g[n}\{172}

1
+ Z ’ det(a; + eitv, ay) - | conv({0} U Ay,) |
{i2,i3}CInI\{1,2}
1€{1,2}
+det(aiy, a; + €itv) - | conv({0} U A;,) | + det(ai,, aiy) - | conv({0} U A;,) |
1
+ Z ‘det(ai, a; —tv) | conv({0} U AU Asy) |
ie[n)\{1,2}
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+det(ay +ag, a;)-| conv({0}UA,) |+det(a; —tv, as+tv)-| conv({0})UA; | |,

where ey = —1, g5 = 1.

Then, | conv({0} UA;;UAs;) | and det(a; —tv, as +tv) = 2| conv{vy, ve +
tv,vg} | are clearly constant in [t1, t5]. Also, det(a;, a1 —tv) and | conv({0} U
A;+) | are affine in [t1,15], © = 1,2. As observed previously, each term of
the sum above is strictly positive in (¢1,%2). All these facts imply that the
quantity R(conv(P,U {es})) is affine in [t;, ts).

We conclude that for some i, j, with {7, j} = {1, 2},

R(conv(PtiU{eg})> < R(K) = R(conv(POU{eg})) < R(conv(PtjU{eg})> .

It is true that the number of vertices of P, and P, is strictly less than
the number of vertices of P. Thus, by an inductive argument, there exist
triangles 71, Ty in R? x {0} of the same area as P, with:

R(conv(Tl U {63})) < R(K) < R(conv(T2 U {63})) .
However, by definition, R(K) is invariant under maps of the form
Rg > (81, So, 83) — ((I)(Sl, 82), 83) c Rg ,

where ® is an area-preserving, affine transformation on R?. This shows that
R(K) = R(conv(T' U {es})), where T is any triangle of the same area as P.
Thus, R(K) depends only on the area of P.

In the particular case in which |P| = 1 and K is the simplex, it is clear
that |P|- |IIP|/4 = 1.5 and one easily calculates (see e.g. [3]) [IIK| = 2.
Thus, R(K)=1/2. O

To prove Corollary 2, take K to be the double cone conv(P U {+e3}) and
K’ to be the cone conv(P U {esz}), where P is a centrally symmetric polygon
in R x {0} of area 1. If F}, ..., F,, are the facets of K’, that are different from
P, by (6), (12) and (14) it follows that:

1
K| = [ P[- [ILP] + Yo Ful - Ful - [ Fil -] ety igy i) |

{i1i2,i3}C[n]

|HK| =2°. Z |E1||E2||E3|| det(xi17xi27xi3) | .
{i1,i2,i3}C[n]

Thus,

K 1
| 2' — 2. (\HK’\ — 1P| \HP\) :
K] 1

=9,

=~ ©
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where we used Theorem 2 and the fact that |[K|=2/3. O
6. Projection bodies and centroid bodies

Let K be a star body in R? The centroid body 'K of K is defined
by its support function

1
hrK(x):/ | <zy>|dy=—— | <@y > i (y) dy, x e ST,
K

d+1 Jga
where pg is the radial function of K and the last equality follows by inte-
gration in polar coordinates. Obviously, 'K is a zonoid. It can be easily
shown that the functional [T K|/|K|** is invariant under non-singular linear
transformations. A basic inequality for volumes of centroid bodies is due to
Busemann and Petty [1] [13]:

rB| _ [IK
|Z}dd+1 —'|}<Wd+1

(17)

where Bj is the unit ball. Here, equality holds if and only if K is an origin
symmetric ellipsoid. We prove the following:
Proposition 6.1. If K is a star body in R¢, then

(T By)| II(CK)|
(By)[(@+D@=1) = | [(d+1)(d-1)

(18)
with equality if and only if K is an ellipsoid with center at the origin.

Note here that the quantity [II(TK)|/|K|@DE@=D is also invariant under
linear maps. Also, as (17) shows, (18) would follow by Petty’s conjectured
inequality.

In what follows, agy, B4 etc. will be positive constants that depend only
on the dimension d. For p =1 and p = 2, define the quantity

Sp(K):/ K/ K\det(azl,...,xd)\p dxy...dxg =
Tr1e Tq€

1

— det(xq, ... P dp Py, ...dry.
(d+p)d/xlesd1 /mdesdl‘ et(@1, .., xa)|” prc (1) pi(a) Z1...0%q

It is clear that S,(K) is invariant under volume preserving linear transfor-
mations. Also, it follows from (5) that the volume of T'K is given by

ITK| = agSi(K) .
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We say that K is in isotropic position, if the function
Sd19x|—>/ <x,y>% dy
K

constant. In this case, the quantity

_ g <my>? dy)e
|K|3+3

is called the isotropic constant of K. By definition, if K’ is an affine image
of K then Lxg = Li. An obvious fact is that if K is isotropic of volume 1
and {ey, ..., eq} is an orthonormal basis, then

/<x,ei><x,ej> de = L3604 , i, =1,....d .
K

It is well known (see e.g. [12]) that there is always a linear transformation
T, such that T K is isotropic and of the same volume as K. Thus, it is clear
by the above discussion that

Sa(K) = Ba(Li )| K" .

Lemma 6.1. There exists some constant 4, such that if K is a star body
in R% then e
S1(K)a1 < §45(K)

with equality if and only if K is an origin symmetric ellipsoid.

Proof. . ;
Sa(K) = ALK = a5 [ JaP o)
TK

Iﬁd(/s pric (@ )d:c)dzﬁ&(/sd Pric (@ )dx>dii$ |

where T is a transformation, such that T'K is isotropic of the same volume as
K and we used Holder’s inequality in the last part. Equality holds if and only
if prg is constant i.e. T'K is a ball centered at the origin or, equivalently, K
is an ellipsoid with center at 0.

On the other hand, it is clear that there exist some constants 74, 7/, such
that

Sd= Sd—1 JTK
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where wy is the volume of the d-dimensional unit ball and V(I'(T'K), By, ..., By)
denotes the mixed volume of I'(T'K') and Bj (see [20] for definitions and re-
lated inequalities concerning mixed volumes). Now, the Minkowski inequality
gives:

V(I(TK),By,....B)) > |I(TK)|7 - |By|“T .

with equality if and only if I'(T'K) is a ball. If TK is a ball centered at the
origin, then I'(T'K) is a ball. Hence if K is an ellipsoid of center at 0, then
equality holds in the last inequality. Combining both inequalities together
with the equality cases, we conclude the desired result.O

Proposition 6.1, follows from Lemma 6.1. First we need some additional
well known facts. The Busemann formula [1] states:

|K| 41 = gd/ S (K Nat) de . (19)
Sd—1

Using a generalization of Busemann’s formula Weil [22] showed that if

1
bolo) =5 [ I<ay>1f0) dy, 2R

2
is the support function of a d-dimensional zonoid Z, for some measurable
function f : S%~! — R, then its surface area measure is absolutely continuous
with respect to the Lebesque measure and its density function f; is given

by:

fz(x) = Hd/ / det(z1,...,2q-1) f(x1)...f(2q_1) dxy...dTg_; .
Sd—1ngL Sd—1ngLl

Let P be a convex body, having absolutely continuous surface area measure
with density f. Petty [14] proved the following inequality

upiza( [ ) ) (20)

gd—1
with equality if and only if P is an ellipsoid. The quantity Q(P) : =
J 50 41 dy is called the affine surface area of P.

Proof of Proposition 6.1.
Note that (according to Weil’s result) the surface area measure of 'K is ab-
solutely continuous with respect to the Lebesque measure and its density is
given by:

flx)=13-So(Knat), xS,
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Thus, by (20), Lemma 6.1 and (19), we have

d+1
II(IK)| > )\d< /S So(K Nzt)ats dx)

d+1
> A;(/ S (K Nat) dx) = N/ K@D+
gd—1

Equality holds in both inequalities if K is an ellipsoid with center at 0 and
in the second one only if K N2+ is an ellipsoid centered at the origin, for
every z € S?1. Tt follows then from [6], Theorem 7.1.5 that K is necessarily
an ellipsoid centered at the origin. O

Next we state an application of Proposition 6.1 in three dimensions.

Theorem 4. Let n > 3 be an integer. Among all 3-dimensional convex
bodies of volume 1, ellipsoids with center at the origin are exactly the bodies
that minimize the functional

_ /MEK /MGK ’H(lzn;[—xi, ) ’ dr,..dz, .

In other words, the mean value of the volume of the projection body of
the sum of n line segments picked uniformly and independently from a con-
vex body K of prescribed volume, is minimal if and only if K is an origin
symmetric ellipsoid. Theorem 4 is formally related to Petty’s conjecture as
follows: If one could replace the Minkowski sum with the convex hull in The-
orem 4, then Petty’s conjecture would be correct in three dimensions. Note,
also, that the functional @, (K)/|K|? is invariant under non-singular linear
transformations.

Proof of Theorem 4.
Let us use (8) and Lemma 3.3 to derive a simple expression for Q,(K):

Qn(K) = 1 (g) / det(l‘1,$2,$3)2 d[L‘ldl‘le‘g
(z1,22,23)EK3

( ) / |det(xq, x9, x3) - det(xy, o, x4)| dridrodrsdr,
(z1,22,23,24)EK?

( ) / |d6t(ZL‘1, T2, 1‘3) : det(l'l, Tyq, IL'5)| dridredrsdridxs
(z1,22,23,24,25)EK®
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o (g) / |det (21 A 9, 23 A 14, 05 A\ T6)| dy...dxg
(:Bl Is)EKG

.....

= <§)A1(K)+a2 <Z)A2(K)+a3 (g)Ag(K)er (Z)A4(K),

where aq, ..., a4 are absolute positive constants.

Since A;(K) = Sy(K) = (3(L%)? and since it is well known that the
isotropic constant is minimal if and only if K is an ellipsoid centered at 0, it
follows that

Al(K) =2 A(By)

where B is the ball of center 0 and volume 1, with equality if and only if K
is an ellipsoid centered at 0.
Also, by (7) and Proposition 6.1, we have:

Ay(K) = p|II(TK)| > p|I(T'By)| = Ay(By) ,

where p is an absolute constant.
To complete the proof of Theorem 4, observe that As(K) =

/ / (/ |det(xq, z9, x3)| ds / |det(xq, T2, x4)| dx4> dzidzsy
r1€EK Jase K r3€EK r4EK

2
:/ / (/ |det(xq, z2, x3)| de‘g) dxdxs
r1€EK JageK :BSEK

and, similarly,

2
A3(K) :/ (/ / |det(xy, xa, x3)| d@dazg) dxy .
r1EK ro€K Jx3eK

One may, now, use the process of Steiner symmetrization in a standard way
(taking, also in advantage the obvious fact that Ay(K), A3(K) are invariant
under volume-preserving linear maps) to show that

A(K) = Ay(By) , 1=2,3.

We omit the details. O
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7. Some concluding remarks

§1) The fact that the class of three-dimensional zonoids, in which equal-
ity holds in (2), strictly contains the class of cylinders is of some interest.
For instance, one can easily derive an infinite family of counterexamples to
Schneider’s conjecture in three dimensions, also extended to any dimension
using (4).

Indeed, suppose that Z is a zonotope in R?, which is the sum of five line
segments in general position or the sum of a cylinder and a line segment, but
not a cylinder. Then,

mM(I—'z)| > 2}m—'z” .
To see this, note that as shown in Schneider [20] (p. 417),

nz)| _ n|
mzP = [ZP

(21)

with equality if and only if TI(IIZ) and Z are homothetic. However, Weil [21]
showed that cylinders are the only three-dimensional polytopes having this
property. Since Z is a polytope, but not a cylinder, so is [I7*Z. Thus, replac-
ing in (21) Z by I[I"'Z and using the equality characterization in Theorem
1, the conclusion follows. As an example, one may conclude that for every
centrally symmetric three-dimensional polytope K of volume 1, with at most
ten facets, it is true that [IIK| > 8, with equality if and only if K is a cylinder.

If £ is a three-dimensional ellipsoid, one may easily compute that [TIE|/|E|*
< 8. Thus, if K is a cone, a centrally symmetric double cone or of the
form I17'Z, where Z is a zonoid for which equality in (2) is attained, then
|LIE|/|E|? < |IIK|/|K]?. As far as we know, there are no other natural
three-dimensional classes of convex bodies, beside cylinders, in which Petty’s
conjecture has been confirmed.

§2) The problem of proving the analogous to (2) in all dimensions seems to
be much more complicated than the three-dimensional case. One of the main
reasons, in our opinion, is that it is not very clear what someone would expect
as equality cases. An inequality analogous to (10) would be the key to this
problem. One may consider the functions S and 7" in d dimensions, defined
by (9) and (8) respectively, to conclude that the inequality [I1Z|/]| 2]t < 24
holds for any zonoid Z, if and only if the same inequality holds for zonotopes
being the sum of at most d(d — 1)-line segments.
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§3) If K is a 3-dimensional star body, set

P,(K) ::/ K/ K|Z[—:pi,xi]|2 dxy...dz, .
xr1e rn€

i=1

To conclude this paper, we would like to remark that the value of the ratio
Qn(B)/P,(B) agrees with Petty’s conjecture for all integers n > 3, where B
is a three-dimensional euclidian ball with center at 0. Indeed, one computes

Pty = (5 )t () astren (3 )acmresn ()8,

where

2
By(K) = (/ / / |det(xq, T2, x3)| dxldxgd:pg)
r1€EK Jxg €K :L'SGK

and [y, ..., 84 are absolute constants. Taking n to be 3, 4, 5 successively,
it follows by Theorem 1 that «;/8; = 8 > |[[IB|/|BJ?, i = 1,2,3. Also, the
law of large numbers implies easily that the random zonotope * Y7 | [—;, ;]
converges almost surely to a multiple of the centroid body of K, as n tends to
infinity, thus lim,, Q. (K)/P,(K) = [II(T'K)|/[TK|?. On the other hand, it
is clear that limy,ecQn(K)/Po(K) = ayAy(K)/BsBs(K). Taking K = B, it
follows that ayA4(B)/B4B4(B) = |IIB|/|B|*, so Q.(B)/P.(B) > |IIB|/|B|?
, n > 3. The last inequality would follow by Petty’s conjectured inequality.

Acknowledgement. Special thanks to Prof. Souzana Papadopoulou for
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